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Here we discuss an effect of gravitational decoherence due to time dilation on the collective
radiation dynamics of atomic system in timed single-photon Dicke states. We show that a photon
absorbed by the stationary system of randomly placed stationary atoms is no more spontaneously
emitted in the direction of the impinging photon. Time-dilation effect leads to broadening of the
angular distribution of the emitted photon. Even for the spherically symmetric gravitational field,
the broadening has specific non-symmetrical character.
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I. INTRODUCTION
Nowadays, interplay of quantumness and gravity at-
tracts a lot of attention [1]. Recently it was recognized
that even weak gravitation can have rather noticeable
effects on quantum interference and on quantum correla-
tions, especially on those of large systems [2–22]. These
effects and their description are already well beyond the
region of purely theoretical speculations. For example,
gravimeters based on gravitationally induced atom inter-
ference are very promising in stability and accuracy and
are under active development now [23–25].
It is already established that an influence of gravita-
tional field on quantum interference might be quite de-
structive. Even in the linear approximation allowing to
quantize in a standard way the gravitational field, quan-
tum fluctuations of the gravity unavoidably lead to ap-
pearance of decoherence [3–6]. Another kind of deco-
herence arising due to interaction of the gravitational
field with a quantum particle can be captured even when
considering classical gravitational field. This is so-called
”time-dilation decoherence” [7–12]. The essence of this
effect can be described with the simple interferometric
example [11, 20]. If two interfering particles are moving
through different arms of the interferometer, and these
arms are subjected to different gravitational field inter-
acting with inner degrees of freedom of the particles, the
visibility of the interference measured at the output of the
interferometer would be lessened. This observable effect
does not depend of the frame, and can be seen even with
photons. For an entangled state of a large number of
particles, this decoherence can be noticeable even near
the Earth surface [9, 10].
Here we discuss another effects stemming from interac-
tion of a set of entangled quantum systems with classical
gravity. We consider how the gravity affects creation and
spontaneous decay of single timed Dicke state of an ex-
tended atomic system. Emission of a photon previously
absorbed by a set of randomly placed two-level atoms
demonstrates quite curious and counterintuitive effect:
strictly directional emission. If a photon is absorbed
by sufficiently large system of identical non-interacting
two-level atoms, a collective entangled state (so called
”timed Dicke state”) is formed. Then, this state leads to
the spontaneous emission of the photons precisely in the
direction of the photon that was absorbed [26, 27]. No-
ticeably, the effect does not depend on positions of each
particular atom. The prerequisite is to have the sum of
phase factors stemming from different atomic positions
tending to the delta-function (which is provided by ran-
dom placement of sufficiently large number of atoms).
In this work we show how this effect of directional emis-
sion is broken by gravity. Curiously, it appears that basic
features of the effect are retained in the presence of grav-
ity: a pure entangled ”gravity-affected timed Dicke state”
is formed after photon absorption, emitted field does not
depend on the size of the atomic system. However, differ-
ent time-dilation in different parts of the system leads to
the broadening of the angular distribution of the emitted
photon. This broadening is asymmetric with respect to
the direction of the gravity gradient.
The outline of this paper is as follows. In Section II
we describe the process of timed Dicke states formation
and spontaneous directional emission in flat time-space.
Then, in Section III we consider gravitational field pro-
duced by spherically symmetric mass distribution imple-
menting Schwarzschild metrics and introduce corrections
to electromagnetic field eigenmodes produced by grav-
ity. In Section IV we derive the effective Hamiltonian
describing atom-field interaction leading to the sponta-
neous emission and consider the emission in the Marko-
vian approximation. Finally, in Section V we analyse
gravitational corrections to the directional emission ef-
fect and derive the angular distribution of the emitted
single-photon field.
II. TIMED DICKE STATE IN FLAT
TIME-SPACE
We start considering the system of N stationary iden-
tical two-level atoms (TLA) interacting in the dipole-
dipole and rotating-wave approximations with the modes
of the electromagnetic field in homogeneous vacuum [26].
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FIG. 1. A schematic depiction of the timed Dicke states cre-
ation by the absorbed photon in the emitters cloud and con-
sequent emission.
Such a system is described by the following standard
Hamiltonian
Hˆ =
∑
k
~ωkqˆ†kqˆk +
1
2
∑
j
~ν ˆ(σz)j +∑
k,j
~(v∗k(rj)σˆ
†
j qˆk + h.c.), (1)
where ωk is the frequency of the k-th electromagnetic
field mode described by the bosonic creation and an-
nihilation operators qˆ†k and qˆk; ν is atomic transition
frequency; rj is the position of j-atom and vk(rj) is
interaction coefficient. These constants are defined as
vk(rj) = d · Ek(rj), where d is an atomic moment, and
Ek(rj) is the modal field at the atomic position. In the
flat homogeneous vacuum eigenmodes are plane waves
with wave-vector k; so, index k in Eq.(1) denotes both
wave-vector and polarisation. Then, the Hamiltonian in
the interaction picture rotating with the frequency ν can
be written in the following form
Vˆ (t) =
∑
k,j
~
(
v∗kσˆ
†
j qˆke
−i(ν−ωk)t+ikrj + h.c.
)
. (2)
We assume that our system can have no more than one
photon. Thus, the general solution for the total system
state is described by the following wave-vector:
|Ψ(t)〉 =
∑
j
cj(t)|ej , 0〉+
∑
k
cb,k(t)|g, 1k〉, (3)
where the vector |g, 1k〉 describes the ground state of all
the atoms and a single photon in the k-th mode of the
field; |ej〉 denotes the existed state of j-th atom and the
vacuum of all the field modes.
Now let us consider a preparation of an excited state of
our atomic system by absorption of a photon. We assume
this photon to be carried by the plane wave with the
wave-vector k0, i.e. the initial state of the total system
is
|Ψ(0)〉 = |g, 1k0〉. (4)
Assuming the weak coupling, we can write the evolu-
tion operator of the system as
U(τ) = T←−exp
− i~
τ∫
0
dt′Vˆ (t′)
 ' 1− i~
τ∫
0
dt′Vˆ (t′),
(5)
where T←− is the time ordering operator. Then, assum-
ing gkτ  1 for the time of photon flight through the
atomic cloud τ , the state of the system conditioned on
the absorption of the photon is
|Ψ〉Dicke ≈ 1√
N
∑
j
eik0rj |ej , 0〉. (6)
The entangled delocalized single-excitation (6) is differ-
ent from the conventional Dicke state by phase factors
corresponding to the different phase of the plane wave at
the position of each atom. So, for this reason the state
(6) was termed ”the timed Dicke state” [26].
Now let us consider the way the state (6) spontaneously
decays into the reservoir of the electromagnetic field
modes. We assume that the distances between atoms
are much larger than the resonant wavelength, and spon-
taneous decay of each atom occurs independently. Then,
implying the Markovian approximation, one can derive
the standard equation describing the wave-function of
the atom-field system for j-th initially completely excited
atom decaying into the vacuum of the reservoir, and get
that the amplitude of having atom in the excited state de-
cays as exp{−Γt}, where Γ is the spontaneous decay rate
[28]. For times far exceeding the universal decay rate,
the field disentangles from the atom, and the asymptotic
field state for the initial state (6) is
|Ψ(∞)〉 = 1√
N
∑
j,k
vke
i(k0−k)rj
(ωk − ν) + iΓ2
|g, 1k〉. (7)
For sufficiently large N the sum of random phases in
Eq.(7) gives the Dirac delta-function,∑
j
ei(k0−k)rj ∝ δ(k0 − k).
So, a surprising and counter-intuitive effect is arising.
A random set of atoms excited by the plane wave travel-
ling in a certain direction would emit the photon exactly
in the propagation direction on the impinging wave. This
effect is a very bright manifestation of the role of spatial
correlations in the atomic ensemble and was extensively
discussed and studied as such.
We aim to consider an influence of the weak gravitation
on this effect. Since gravity introduces inhomogeneity in
3space, it is natural to expect a deviation from the sim-
ple input-output relation discussed above, say, rotation
of the emitted photon wave-vector. However, the effect
of gravity goes beyond that. It leads to appearance of
continuous distribution of directions instead of the delta-
function.
III. ATOM-FIELD INTERACTION IN THE
PRESENCE OF GRAVITATION
Here we consider how the simple interaction considered
in the previous Section is modified in the presence of
a weak gravitational field. We will adopt the following
approach. Firstly, we consider weak gravitational field as
a perturbation for the Maxwell equation in a flat space
and find the perturbed eigenmodes. Then, we write down
the atom-field interaction Hamiltonian using these new
eigenmodes.
A. The metric
We assume the standard Schwarzschild metric
ds2 =
(
1− rs
r
)
c2dt2 −
(
1− rs
r
)−1
dr2 −
r2
(
dθ2 + sin2 θdϕ2
)
, (8)
where c is the speed of light, t is the time coordinate (it
can be measured by a stationary clock located infinitely
far from the massive body), r is the radial coordinate,
θ is the colatitude (angle from north pole of the sphere
surrounding the massive body), ϕ is the longitude, and
rs is the Schwarzschild radius of the massive body, a scale
factor which is related to its mass M by rs = 2GM/c
2,
where G is the gravitational constant [29].
We assume that our system of interest is located at
large distance from the centre of the massive body. In
this case we can choose the coordinate system with axis
Z directed along radial coordinate and, neglecting tidal
effects, say that space don’t change along X and Y axis.
So, our metric transforms into:
ds2 = h(z)c2dt2 − (dx2 + dy2 + 1/h(z)dz2), (9)
here h(z) = 1 − rs/z, z = r is the measure of distance
from the centre of the massive body. For the case of
small Schwarzschild radius (which will hold, for example,
for our Earth), one can expand 1/h(z) to the first order
with respect to rs. Then, let us assume that we are close
to some distance z0. After the obvious coordinate change
to get manifestly Minkowskian metric at the z0 plane, the
final linearized metric can be written with the help of the
constant a = 2g/c2 in the following way:
ds2 = (1 + a(z − z0)) c2dt2 −
(dx2 + dy2 + (1− a(z − z0)) dz2). (10)
where the acceleration of the free fall is g = GM/R2. Eq.
(10) is the weak field approximation of the Schwarzschild
metric which we use in the subsequent discussion.
B. The perturbed Maxwell equations
Here we demonstrate an effect of the space curvature
on solutions of the Maxwell equations. For a diagonal
metrics gµµ, µ = 0, 3, one can write the wave equation
for the covariant components of the electric field, Ej , in
the following form [30]:
gjj
(
g00
c2
∂ttEj + ∂
k∂kEj
)
=
akjj∂kEj + b
kjj∂jEk − (11)
gjj(∂jg
kk)∂kEk + g
jj∂j(g
00ak00)Ek,
where i, k = 1, 2, 3, the contraction is only on the index
k, and the coefficients are given by
akµµ = −∂k(gkkgµµ)− g
kkgµµ√−g ∂k(
√−g),
bkjj = giig00a
k00 − akjj , (12)
where g is the determinant of the metric.
To see the effect of the curvature, let us write Eqs.(11)
linearizing coefficients (12) with respect to ∆z = z − z0
and a, obtaining
(1− a(z − z0))∂tt
c2
Ex − ∂xxEx − ∂yyEx − (1 + a(z − z0))∂zzEx ≈ a∂zEx − a∂xEz,
(1− a(z − z0))∂tt
c2
Ey − ∂xxEy − ∂yyEy − (1 + a(z − z0))∂zzEy ≈ a∂zEy − a∂yEz, (13)
∂tt
c2
Ez − (1 + a(z − z0))(∂xxEz + ∂yyEz)− (1 + 2a(z − z0))∂zzEz ≈ a∂zEz.
The system (13) shows that the curvature of the space
leads to coupling between polarisations [30]. Also, the
field changes with the distance from the gravitation
source. So, emitters will interfere differently from the
case of the flat space emission of timed Dicke states.
Also, one should expect changes in the density of pho-
4tonic states and the decay rates will become position de-
pendent.
These simple intuitive considerations are supported by
the solution of the Maxwell equations for our linearized
metric. The solution of Maxwell equations in flat space
is represented by
Ei =
∑
k
2∑
s=1
αk
[
qˆ∗ksfi(k, s)e
iΘ + h.c.
]
, (14)
where αk is amplitude, qˆks is complex amplitude, fi(k, s)
is 3-vector of polarisation, kµ = {c
√
k2x + k
2
y + k
2
z ,k} be-
ing 4-wave vector with three-space part k = {kx, ky, kz},
Θ is phase of eigenmodes of electric field.
We seek the solution in curved space as a correction
to the flat-space solution linear on the parameter a. It
is found that for each k(0) = {kx, ky, kz} (see the Ap-
pendix):
αk ≈
(
~ωk
2ε0V0
)1/2(
1 + a(z − z0)
k2x + k
2
y
4k2z
)
, (15)
Θ ≈ c
√
k2x + k
2
y + k
2
zt− kxx− kyy − kzz + a
k2x + k
2
y + 2k
2
z
4kz
(z − z0)2, (16)
k˜µ ≈
{
c
√
k2x + k
2
y + k
2
z ,−kx,−ky,−kz + a
k2x + k
2
y + 2k
2
z
2kz
(z − z0)
}
, (17)
and for 3-vector of polarisation one has
f1(k, s) ≈f (0)1 (k, s) + a
z − z0
2
kx
kz
f
(0)
3 (k, s),
f2(k, s) ≈f (0)2 (k, s) + a
z − z0
2
ky
kz
f
(0)
3 (k, s),
f3(k, s) ≈f (0)3 (k, s),
(18)
where f
(0)
i (k, s) is the 3-vector of polarisation for the flat
space.
We also can write magnetic field Hi in the form similar
to Eq. (14):
Hi =
1
cµ0
∑
k
2∑
s=1
αk
[
qˆ∗ksr
i(k, s)eiΘ + h.c.
]
, (19)
where ri(k, s) are the components of contravariant 3-
vector
ri(k, s) =
1√
−k˜mk˜m
ijnk˜jfn(k, s), (20)
with contravariant Levi-Civita tensor ijn.
Notice that here we assume kz 6= 0. It is possible with-
out much difficulties to consider a particular case kz = 0.
However, we refrain from doing that for simplicity sake.
Within our weak gravitation approximation, the elec-
tromagnetic wave (14), (19) will not lose transversality:
−ri(k, s)fi(k, s) = −kifi(k, s) = −ri(k, s)ki = 0,(21)
as expected for the approximation of geometrical optics.
C. The field Hamiltonian
To describe the spontaneous emission process, let us
quantize the field in a standard way: by replacing com-
plex modal amplitudes in Eqs. (14) and (19) by bosonic
creation and annihilation operators. Then, following Ref.
[31], the Hamiltonian can be introduced as:
Hˆ =
∫
dfµε
νTµν =
∫
t=const
dx3nµε
νTµν , (22)
where εν = {c, 0, 0, 0} is Killing vector, fµ is a hypersur-
face and nµ = {1/c, 0, 0, 0} is the orthogonal vector to
that hypersurface, Tµν = FµαF να − 14gµνFαβFαβ is the
energy-momentum tensor of electromagnetic field Fµα.
Eq. (22) leads to the following expression
Hˆ =
1
2
∫
dx3
(
a(z− z0)− 1
) (
ε0EiE
i + µ0HiH
i
)
. (23)
Also, (23) matches to the Hamiltonian from optical
analogy [29]:
Hˆ =
1
2
∫
dx3
√−γ (EiDi +HiBi) ,
5where Di = Ei/
√
h(z) is electric displacement field,
Bi = Hi/
√
h(z) is magnetic displacement field and γ
is determinant of space part of metric (9).
To derive the Hamiltonian, one needs carry on sum-
mation over modes and polarisation. This procedure is
non-trivial only for z-coordinate. Noticeably, expansion
over the a-parameter brings about dependence on the
first and the second degree of z. However, these terms
are mutually cancelling.
The quantisation volume in curved space acquires de-
pendence on the metric, gµν :
V curv =
∫ √−γd3x = L3 (1− a
2
(Z − z0)
)
, (24)
where Z is position of centre of the cubic quantisation
volume with the edge length L. In the momentum space
the element of volume is inversely proportional to the
elementary volume in the coordinate space. So, an inte-
gration over the momentum space is as follows∑
{k′}
→
(
1 +
a
2
(Z − z0)
) V0
(2pi)3
∫
dk′xdk
′
ydk
′
z, (25)
for each polarisation vector.
Discarding the vacuum energy, after some algebra from
Eq.(23) one gets the Hamiltonian in following form:
Hˆ = ~
∑
{k}
ωk(Z)q
†
{k}q{k}, (26)
where ωk(Z) = ωk(1 + a(Z − z0)/2) (see the Appendix
for the derivation).
IV. THE DICKE STATE IN CURVED SPACE
From Eqs. (22,26), the Hamiltonian of just one two-
level system in the interaction picture is
Vˆ (t) =
∑
k
~
(
v∗k(rat)σˆ
†qˆkei(ν−ωk(z))t + h.c.
)
, (27)
where ωk(z) = ωk(1 + a(z − zat)/2), rat and zat are
radius-vector and z-coordinate of the two-level system.
The timed Dicke state in flat space is given by (6). The
interaction Hamiltonian in the form (27) gives the fol-
lowing result for the atomic cloud state conditioned on
the photon absorption:
|Ψ〉curvDicke ≈
1√
N
∑
j
eik0rj (1 + aFk0(zj)) |ej , 0〉, (28)
where k0 is the wave-vector of plane wave at height z0
assumed to be a centre of the atomic cloud. The function
Fk0(zj) is
Fk0(zj) = (zj − z0)
k2x + k
2
y
4k2z
− i(zj − z0)2 k
2 + k2z
4kz
, (29)
here the first degree of zj is appeared from modification
of amplitude of electromagnetic wave (15) (real) and the
second – from the modification of phase (16) (imaginary).
Also in expression (28) we neglect the term with gkτ
2,
because we take gkτ  1 assuming small τ .
V. THE SINGLE ATOM DECAY
Now let us consider changes in the spontaneous emis-
sion of an individual two-level system due to the presence
of gravitational field. After applying in the usual man-
ner the Markovian approximation, the Hamiltonian (27)
leads to the following standard equation for the excited
state amplitude [28]:
c˙a,0(t) ≈ −Γ(z)
2
ca,0(t), (30)
where the position-dependent decay rate is
Γ(z) = Γ0
(
1− a(z − z0)
2
)
. (31)
and Γ0 is the spontaneous decay rate at the point z0.
Thus, we are getting the following solution for the am-
plitudes of single-photon states
cb,k = vk(rat)
1− e−i(ν−ωk(z))t−Γ(z)2 t
(ωk(z)− ν) + iΓ(z)2
. (32)
Eqs. (32) shows the manner of the gravitation dephasing
of timed Dicke states: both phases and amplitudes of
each single-photon component of the emitted state will
not add up as it was for the timed Dicke state in the flat
space.
VI. THE DEPHASING
Now let us see how the position-dependence given by
Eqs. (32) influence the angular distribution of the emit-
ted field. So, from the amplitudes (32), for t → ∞ up
to the terms of the second order on the constant a, the
state of the emitted photon can be written as
|Ψ(∞)〉curv ≈ 1√
N
∑
j,k
vk0 × (33)(
ei(k0−k)rj
(ωk(zj)− ν) + iΓ(zj)2
)
|g, 1k〉+
a
1√
N
∑
j,k
vk0
ei(k0−k)rj
(ωk − ν) + iΓ02
Fk0(zj)|g, 1k〉.
Integrating over the positions of atoms homogeneously
distributed in the large volume V0, and taking into ac-
count Eq. (24), one obtains the following expression for
6the wave-function at the point Z:
|Ψ(∞)〉curv ≈
√
N
V0
(2pi)2
∑
k
δ(kx0 − kx)δ(ky0 − ky)∫
dz
vke
i(kz0−kz)z
(ωk − ν − iΓ02 ) + a2 (z0 − z)(ωk − iΓ02 )
|g, 1k〉,
(34)
Notice that the functions F describing the generated
timed Dicker state deviation from its flat-space analogy,
do not contribute to the expression (34). As it should
be expected, the components of the wave-vector along x
and y axes do not change. Up to the terms of the second
order on the constant a, Eq. (34) leads to
|Ψ(∞)〉curv =
√
N
V0
(2pi)3
∑
k
δ(kx0 − kx)δ(ky0 − ky)vk×
(Gk(a) + δ(kz0 − kz)O(a))|g, 1k〉.
where for Γ0  ν we have
Gk(a) ≈ −i
aν
e−(kz0−kz)
Γ0
aν , (35)
Eq. (35) gives us the expected coincidence of propaga-
tion directions for impinging and emitted photons for flat
space, lim
a→0
Gk(a) ∝ δ(kz0 − kz). For the non-zero cur-
vature (a 6= 0), we have a finite width distribution of
directions around the vector kz0. Thus, the spread of
wave-vectors around the wave-vectors of the impinging
photon is defined by the quantity aν/Γ0 cos θ0, here θ0 is
the angle between z-direction and k0. Notice that this
spread is asymmetric. The photon tends to deviate to-
ward the direction of gravitational attraction. Also, not
only the emission direction is ”blurred”. The photon
energy is changed, so the external observer will see the
superposition of photon wave-packets with different fre-
quencies lower than the original one, with the width of
this frequency spread being
δω ≈ acν
Γ0
cos θ0, (36)
Eq. (36) demonstrates that indeed the gravitation influ-
ence quantum interference in the process of spontaneous
emission of a delocalized collective single-excitation state.
As the result, for the emitted field this influence looks
like dephasing. Of course, it is not large. Near the Earth
surface, for typical values of the spontaneous emission
rate Γ0 ≈ 108Hz, for optical frequencies ν ≈ 1015Hz,
the frequency spread (36) is about several Hz. But near
the stronger gravitating bodies (especially in the vicin-
ity of black holes) this effect will be considerably more
pronounced.
Thus, even classical gravitation do affect the quantum
interference in a destructive way.
CONCLUSIONS
We have considered here the process of creation of the
timed Dicke states in the presence of weak gravitational
field, and emission of these states. In difference with
the flat space, the ensemble of randomly placed two-level
atoms does not emit the photon in the direction of the
photon that was absorbed. Gravitation leads to appear-
ance of an asymmetric distribution of directions. The
photon is not unexpectedly deviating toward the gravita-
tional attraction. But also the photon frequency appears
to by changed. Instead of just one plane way, one has
a superposition of single-photon wave-packets with dif-
ferent frequencies. So, even classical gravitation affects
quantum interference producing something close to the
decoherence effects so ubiquitous in the quantum world.
ACKNOWLEDGMENTS
The authors gratefully acknowledge financial support
from the Belarus state scientific program ”Convergence-
2020”.
Appendix A: Solution of Maxwell equations
The Maxwell equations linearized on the parameter a
are given by expressions (13). We will look for the so-
lution in the form of a perturbed plane wave with the
perturbation proportional to a. For covariant vector of
negative part of electric field eigenmode:
E
(−)
j (k, s) ∼ eiΘ
(0)
α
(0)
k f
(0)
j (k, s) (1 + aMj(z)) qˆ
∗
k,s,
(A1)
where Θ(0) = c
√
k2x + k
2
y + k
2
zt−kxx−kyy−kzz is phase,
α
(0)
k is amplitude, f
(0)
j is j-component of vector of polar-
isation of flat plane wave. The function Mj(z) represents
a linear perturbation to the plane wave and consists of
real and imaginary parts for amplitude/polarisation and
phase modifications respectively. It is described by the
following equations
(k2x + k
2
y + 2k
2
z)(z − z0) + 2ikzM ′3(z) + ikz −M ′′3 (z) = 0,
f
(0)
1 (k, s)
(
(k2x + k
2
y + 2k
2
z)(z − z0) + 2ikzM ′1(z) + ikz −M ′′1 (z)
)
= if
(0)
3 (k, s)kx,
f
(0)
2 (k, s)
(
(k2x + k
2
y + 2k
2
z)(z − z0) + 2ikzM ′2(z) + ikz −M ′′2 (z)
)
= if
(0)
3 (k, s)ky,
7with the solutions
M3(z) = (z − z0)
k2x + k
2
y
4k2z
+ i(z − z0)2
k2x + k
2
y + 2k
2
z
4kz
+ C3, (A2)
M1(z) = (z − z0)
k2x + k
2
y
4k2z
+ i(z − z0)2
k2x + k
2
y + 2k
2
z
4kz
+
kx
2kz
(z − z0)f
(0)
3 (k, s)
f
(0)
1 (k, s)
+ C1, (A3)
M2(z) = (z − z0)
k2x + k
2
y
4k2z
+ i(z − z0)2
k2x + k
2
y + 2k
2
z
4kz
+
ky
2kz
(z − z0)f
(0)
3 (k, s)
f
(0)
2 (k, s)
+ C2, (A4)
where Cj is some complex constants (the first integrating
constant) and we ignore term ∝ exp{2ikzz} (the second
integrating constant is supposed be equal to zero). The
same real part in (A2)-(A4) interprets as amplitude mod-
ification (15), the same imaginary – as phase modification
(16), all that’s left is modification of polarisation vector.
To determine constants Cj we use the Gauss’ law [30],
that in metric (10) looks like
∂xEx + ∂yEy + (1 + a(z − z0)) ∂zEz = 0. (A5)
Its solution allows us to take C1 = C2 = 0, and C3 =
−i(k2x + k2y)/(4k3z). Note, that all modifications obtained
are in geometrical optics approximation, and they can
be found directly from geometrical optics approximation
of Maxwell equations [32], except for the component of
f3(k, s), because it has the constant term, proportional to
wavelength that belongs to post-geometrical approxima-
tion. We will neglect it, because the accounting of only
linearized metric cannot be enough to work with post-
geometrical terms. So, the modification of polarisation
vector is given by Eq. (18).
The contravariant vector of magnetic field Hj of an
eigensolution can be found in the form similar to the
electric field: Hj
(−)
k,s ∼ eiΘαkrj(k, s)qˆ∗ks, with modified
αk by (15) and Θ by (16). Maxwell equations for H
j are
(1− a(z − z0)) ∂tHj = −ejlm∂lEm,
where ejlm is Levi-Chevita symbol. For geometrical op-
tics approximation wave vector can be found as k˜µ = ∂µΘ
(17). Using the explicit form of Θ we can find contravari-
ant components of rj(k, s):
r1(k, s) = −
k˜2f3(k, s)(1− ia 12kz )− k˜3f2(k, s)(1 + ia
k2x+k
2
y
4k3z
)√
k2x + k
2
y + k
2
z
(1 + a(z − z0)),
r2(k, s) = −
−k˜1f3(k, s)(1− ia 12kz ) + k˜3f1(k, s)(1 + ia
k2x+k
2
y
4k3z
)√
k2x + k
2
y + k
2
z
(1 + a(z − z0)),
r3(k, s) = −−k˜2f1(k, s) + k˜1f2(k, s)√
k2x + k
2
y + k
2
z
(1 + a(z − z0)).
(A6)
If we neglect post-geometrical terms in (A6), the rj(k, s) can be written in the form (20):
rj(k, s) =
1√
−k˜mk˜m
jlkk˜lfk(k, s), (A7)
with Levi-Chevita tensor jlk = −√h(z)ejlk (jlk =
1/
√
h(z)ejlk) and
√
−k˜mk˜m =
√
k2x + k
2
y + k
2
z/
√
h(z).
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